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+LJKRUGHU KDUPRQLF JHQHUDWLRQ +2+* IURP
WKH LQWHUDFWLRQV RI UHODWLYLVWLFDOO\ LQWHQVH ODVHU SXOVHV
ZLWK VROLGGHQVLW\ SODVPD VXUIDFHV KDV EHHQ
GHPRQVWUDWHG DV D SURPLVLQJ EULJKW FRKHUHQW [UD\
VRXUFH LQ WKH ODVW GHFDGH ,Q FRQWUDVW ZLWK WKH
KDUPRQLF JHQHUDWLRQ IURP ODVHUJDV LQWHUDFWLRQV
ZKRVH SXOVH LQWHQVLWLHV DUH OLPLWHG E\ JDV LRQL]DWLRQ
WKUHVKROGDQGSRRUSKDVHPDWFKLQJDW ODVHULQWHQVLWLHV
EH\RQG:FP>@WKH+2+*IURPVROLGWDUJHWV
KDV QR OLPLWDWLRQ RQ ODVHU LQWHQVLWLHV VR LW FDQ UHDFK
PXFK KLJKHU SXOVH LQWHQVLWLHV WR LPSURYH WKH
FRQYHUVLRQ HIILFLHQF\ 5HFHQWO\ LW LV IXUWKHU H[WHQGHG
WRWKHJHQHUDWLRQRILQWHQVHLVRODWHGDWWRVHFRQGSXOVHV
>@ZLWKQHDUGLIIUDFWLRQOLPLWHGVSDWLDOEHDPTXDOLW\
>@  ZKLFK FDQ EH UHJDUGHG DV D SRZHUIXO WRRO IRU
GLDJQRVLQJWKHSURSHUWLHVRISODVPDV >@DQGLPDJLQJ
VFLHQFH>@
6LQFH +2+* IURP VROLG WDUJHWV ZDV REVHUYHG
ZLWK &2 ODVHU IRU WKH ILUVW WLPH E\ &DUPDQ HW DO LQ >@  LW KDV EHHQ H[WHQVLYHO\ LQYHVWLJDWHG ERWK
H[SHULPHQWDOO\ > @ DQG WKHRUHWLFDOO\ >@  8QWLO
QRZ WKHUH DUH WZR ZHOO UHFRJQL]HG PHFKDQLVPV RI
+2+* IURP SODVPD VXUIDFHV GLVWLQJXLVKHG E\ WKH
ODVHULQWHQVLWLHVFRKHUHQWZDNHHPLVVLRQ&:(>@
DQG UHODWLYLVWLFDOO\ RVFLOODWLQJ PLUURU 520 > @ 
+DUPRQLFV RI WKH &:( GRPLQDWH WKH HPLVVLRQ DW
PRGHUDWH ODVHU LQWHQVLWLHVH?൏ 	? ZKHUH ܽH?ൌ ܧ 	?ȦH? LVWKHQRUPDOL]HGYHFWRUSRWHQWLDOHDQGPDUHWKH HOHFWURQ FKDUJH DQG PDVV ( DQG ȦH? DUH WKHDPSOLWXGHDQGIUHTXHQF\RIODVHUHOHFWULFILHOGFLVWKH
OLJKWYHORFLW\LQYDFXXP7KH%UXQHOHOHFWURQV>@DUH
SXOOHG RXW DQG SXVKHG EDFN LQWR RYHUGHQVH SODVPDV
SHULRGLFDOO\ E\ WKH GULYHQ ODVHU DQG H[FLWH SODVPD
RVFLOODWLRQV 7KHVH RVFLOODWLRQV FRKHUHQWO\ HPLW
KDUPRQLFV LQ WKH VSHFXODU GLUHFWLRQ RI WKH LQFLGHQW
ODVHU ,Q WKH &:( PHFKDQLVP WKH KLJKHVW KDUPRQLF
RUGHU H?H?H? LV UHVWULFWHG E\ WKH PD[LPXP HOHFWURQ
GHQVLW\ RI WKH SODVPD QPD[ ZLWK H?H?H?ൌ ඥH?H?H?H?	? ZKHUHQF LVWKHFULWLFDOGHQVLW\)RU WKHQPODVHUWKH+PD[ZLWKGLIIHUHQW WDUJHWVRI&+ QPD[ QF IXVHGVLOLFDQPD[ QFDQGDOXPLQXPQPD[ QFDUHDQGUHVSHFWLYHO\$WWKHUHODWLYLVWLFODVHU
LQWHQVLWLHV Dt  WKH 520 PHFKDQLVP GRPLQDWHVWKHUDGLDWLRQ ,Q WKH520PHFKDQLVP WKH VXUIDFHRI
WKH RYHUGHQVH SODVPD LV GULYHQ WR RVFLOODWH ZLWK
PRYLQJ YHORFLW\Ȟ ൎ  DV D SODVPD PLUURU :KHQ WKH
LQFLGHQW ODVHU LV UHIOHFWHG E\ WKLV UHODWLYLVWLFDOO\
RVFLOODWLQJVXUIDFHKDUPRQLFVDUHJHQHUDWHGGXHWRWKH
'RSSOHU VKLIWHIIHFW%DHYDHW DO >@ VKRZHG WKDW WKH
KDUPRQLFV KDYH D VSHFWUXP ZLWK D UROO RII DV
,+ H?H? H?	?  ZKHUH ,+ DQG + DUH WKH LQWHQVLW\ DQG WKHRUGHU RI D JLYHQ KDUPRQLF 7KH KDUPRQLF VSHFWUXP
H[WHQGVWRWKHFXWRIIRUGHU+PD[a 	?H? H?	 ȖH?H?H?H?ZKHUHȖH?H?H?LV WKH PD[LPDO Ȗ IDFWRU RI WKH SODVPD VXUIDFHGHWHUPLQHGE\WKHODVHULQWHQVLWLHV  
%RWKLQWKH&:(DQGWKH520SURFHVVHVDYHU\
VWHHS GHQVLW\ JUDGLHQW DW SODVPDYDFXXP LQWHUIDFH LV
QHHGHG IRU WKH HIILFLHQW KDUPRQLF JHQHUDWLRQ 7KH
GHQVLW\SURILOH DW WKHSODVPD VXUIDFHRI D VROLG WDUJHW
GHSHQGVRQWKHODVHULQWHQVLWLHVDQGWHPSRUDOFRQWUDVW
VR WKH WHPSRUDO FRQWUDVW RI WKH LQFLGHQW ODVHU SXOVH
SOD\V D FUXFLDO UROH LQ WKH +2+* ,Q WKLV SDSHU WKH
LQIOXHQFHRIWKHGULYHQODVHUFRQWUDVWRQWKH+2+*E\
&:( PHFKDQLVP LV LQYHVWLJDWHG H[SHULPHQWDOO\ E\
XVLQJ D SODVPD PLUURU V\VWHP WR PRGLI\ WKH ODVHU
FRQWUDVW 
7KH H[SHULPHQW ZDV FDUULHG RXW XVLQJ WKH 
7: 7LVDSSKLUH ODVHU V\VWHP DW WKH /DERUDWRU\ IRU
/DVHU3ODVPDVLQ6KDQJKDL-LDR7RQJ8QLYHUVLW\7KH
ODVHU V\VWHP FDQ GHOLYHU ODVHUSXOVHV DW  QP ZLWK
HQHUJLHVRQWKH WDUJHWXSWR- SXOVHGXUDWLRQV IXOO
ZLGWK DW KDOI PD[LPXP ):+0 RI  IV DQG
UHSHWLWLRQUDWHVRI+]
7KHVNHWFKRIH[SHULPHQWDOVHWXSIRU WKH+2+*
PHDVXUHPHQW LV SUHVHQWHG LQ )LJ  7KH ODVHU EHDP
ZLWK HQHUJ\RI -ZDVXVHGLQ WKHH[SHULPHQWDQG
IRFXVHGE\DQ)RIID[LVSDUDEROLF 2$3PLUURUDW
DQ LQFLGHQFH DQJOH RI  WR WKH WDUJHW QRUPDO 7KH
IRFDO VSRW GLDPHWHU ZDV ȝ ):+0 ZLWK  
HQHUJ\ HQFORVHG JLYLQJ D FDOFXODWHG SHDN LQWHQVLW\
RI	? ൈ 	?	?H?H? H?	? 3ROLVKHGIXVHGVLOLFDSODWHVZLWK
VXUIDFH IODWQHVV RI ȜȀ	? DW  QP ZHUH XVHG DV
WDUJHWV7KHKLJKRUGHUKDUPRQLFUDGLDWLRQVJHQHUDWHG
DWVSHFXODUGLUHFWLRQZHUHFROOHFWHGE\DJROGWRURLGDO
PLUURU I  PP WR WKH HQWUDQFH VOLW RI D IODWILHOG
VSHFWURPHWHU +25,%$ -2%,1 <921 7*6 
7KH VSHFWURPHWHU FRQVLVWHG RI D JROG FRDWHG WRURLGDO
JUDWLQJ DQG D EDFNLOOXPLQDWHG [UD\ FKDUJH FRXSOHG
GHYLFH &&' FDPHUD $QGRU 1HZWRQ   $Q $O
ILOWHU EHWZHHQ WKH VOLW DQG WKH JUDWLQJ ZDV XVHG WR
EORFN WKH UHIOHFWHG ODVHU EHDP DQG WUDQVPLW WKH




)LJ7KH WRSSDQHO LV WKH H[SHULPHQWDO VHWXS IRU+2+*
7KH ERWWRP SDQHO LV WKH UDZ LPDJH RI KDUPRQLF VSHFWUXP
REWDLQHGIURPWKHJODVVWDUJHWZLWKDSODVPDPLUURU

7KH +2+* SURFHVV LV YHU\ VHQVLWLYH WR WKH
SODVPDGHQVLW\JUDGLHQW DW WKHSODVPD VXUIDFHZKLFK






VKRZQ LQ )LJ  $V VKRZQ LQ )LJ  D  WKH
SSRODUL]HG ODVHU SXOVH ZDV IRFXVHG E\ DQ )
RIID[LV SDUDEROLF 2$3  PLUURU DW DQ LQFLGHQFH
DQJOHRIRQWRDQDQWLUHIOHFWLRQFRDWHGIXVHGVLOLFD
JODVV 7KH VLOLFD JODVV ZDV PRXQWHG RQ D WKUHH
GLPHQVLRQDOPRWRUL]HGVWDJHVRLWFDQSURYLGHDIOHVK
VXUIDFH IRU HDFK VKRW 7KH ODVHU LQWHQVLW\ RQ WKH 30
ZDVSURSHUO\ VHW VRWKDW WKH$6(ZDV ORZHQRXJK WR
WUDQVPLWWKURXJKWKH30ZKLOHWKHOHDGLQJHGJHRIWKH
PDLQ SXOVH ZDV LQWHQVH HQRXJK WR LRQL]H WKH 30




FKDPEHU 7KH UHIOHFWLYH PLUURU  50  FRXOG EH
PRYHG LQWR WKHEHDPSDWKWRE\SDVV WKH30V\VWHP
SURYLGLQJ ODVHU SXOVHV ZLWK ORZHU FRQWUDVW 7KH
SLFRVHFRQG $6( FRQWUDVWV ZHUH PHDVXUHG ZLWK D
FRPPHUFLDO WKLUGRUGHU FURVVFRUUHODWRU 6HTXRLD
$PSOLWXGH 7HFKQRORJLHV )LJXUH  E GHSLFWV WKH
$6(FRQWUDVWVPHDVXUHGZLWK DQGZLWKRXW WKH30 ,W
LV VKRZQ WKDW WKH FRQWUDVW DW  SV SULRU WR WKH PDLQ
SHDNLVLPSURYHGIROGIURPa WRaZKHQ
WKH30LVXVHG7KH IRFXVHGODVHU LQWHQVLW\RQ WDUJHW








7KHERWWRPSDQHO LQ)LJVKRZVD W\SLFDO UDZ
VSHFWUXP LPDJH RI KDUPRQLFV REWDLQHG E\ D VLQJOH
VKRW ZKHQ WKH 30 LV XVHG 7KH LQWHQVLWLHV RI
KDUPRQLFVIURPUGWRVWVWURQJO\VDWXUDWHWKH&&'
FDPHUD GXH WR D YHU\ WKLQ $O ILOWHU ZLWK WKLFNQHVV RI
 QP LV XVHG IRU WKLV VKRW EXW QR KDUPRQLF ZLWK
RUGHU KLJKHU WKDQ VW LV REVHUYHG 7KLV LV WKH
FKDUDFWHULVWLFV RI WKH KDUPRQLFV JHQHUDWHG E\ WKH
&:( PHFKDQLVP ZKRVH KLJKHVW KDUPRQLF RUGHU LV
OLPLWHG E\ WKH PD[LPXP SODVPD GHQVLW\ ,Q RUGHU WR
REWDLQ WKH XQVDWXUDWHG VSHFWUD RI KDUPRQLFV DQRWKHU
SLHFHRI$OILOWHUZLWKWKLFNQHVVRIȝPZDVSXWLQ
WKH VSHFWURPHWHU WR DWWHQXDWH WKH LQWHQVLWLHV RQ WKH
&&'7KH VSHFWUDREWDLQHGZLWKDQGZLWKRXW30DUH
FRPSDUHG LQ )LJ  ,Q )LJ D GLVFUHWH KDUPRQLFV
IURP WK WR VW RUGHUV DQG $O / DEVRUSWLRQ HGJHDW
QPDUHFOHDUO\REVHUYHGZKHQ30LVXVHG)LJXUH
E VKRZVD VSHFWUXP REWDLQHG ZKHQ WKH 30 LV QRW
XVHG E\ PRYLQJ LQ 50  WR E\SDVV WKH 30 1R
KDUPRQLFEXWRQO\SODVPDHPLVVLRQLVREWDLQHGZKHQ
30 LV QRW XVHG 7KH ILUVW VHFRQG DQG WKLUG RUGHU
GLIIUDFWLRQV RI $O / DEVRUSWLRQ HGJH FDQ EH VHHQ
FOHDUO\ FRUUHVSRQGLQJ WR WKH ZDYHOHQJWK RI QP
 QP DQG  QP UHVSHFWLYHO\ 7KH QRUPDOL]HG
LQWHQVLWLHV RI WKH VSHFWUD LQ )LJ  DUH FDOFXODWHG E\
WDNLQJ LQWR DFFRXQW WKH UHIOHFWDQFH RI WKH WRURLGDO




)LJ  D 7KH UDZ VSHFWUDO LPDJH WRS SDQHO DQG VSHFWUXP RI
KLJKRUGHU KDUPRQLFV ERWWRP SDQHO REWDLQHG ZLWK D DQG





VFDOH OHQJWKV / REWDLQHG LQ WKH H[SHULPHQW UHG %OXH OLQH
LQGLFDWHV WKH LQWHQVLW\ RI EDFNJURXQG SODVPD HPLVVLRQ 7KH
KDUPRQLF VSHFWUD REWDLQHG E\ 3,& VLPXODWLRQV ZLWK GLIIHUHQW
SODVPD VFDOH OHQJWKV E / Ȝ EODFN F / Ȝ JUHHQ
DQGG/ ȜEURZQ 

,Q WKH H[SHULPHQW QR KDUPRQLF ZLWK RUGHU RYHU
&:( FXWRII DW VW LV REVHUYHG 7KHUH DUH WKUHH
SRVVLEOH UHDVRQV IRU WKH 520 KDUPRQLFV QRW
JHQHUDWHG LQFOXGLQJ WKH LQWHQVLWLHV WKH WHPSRUDO
FRQWUDVWDQGWKHLQFLGHQFHDQJOHRIWKHODVHU)LUVWWKH
QRUPDOL]HG YHFWRU SRWHQWLDO H? LV WKH NH\ SDUDPHWHUGHWHUPLQLQJ ZKHWKHU WKHKDUPRQLFV DUH JHQHUDWHG E\
WKH &:( RU WKH 520 PHFKDQLVP 7KH &:(
KDUPRQLFV GRPLQDWH WKH UDGLDWLRQ RI QRQUHODWLYLVWLF
ODVHU LQWHQVLWLHV ZLWK H?൏ 	?  ZKLOH WKH 520KDUPRQLFV GRPLQDWH WKH UDGLDWLRQ RI UHODWLYLVWLF ODVHU
LQWHQVLWLHV ZLWK H?൒ 	? +RZHYHU WKH SHDN ODVHULQWHQVLW\ ZKHQ WKH 30 LV XVHG LQ WKH H[SHULPHQW LV	?Ǥ	? ൈ 	?	?H?H? H?	?  ZLWK FRUUHVSRQGLQJ H?ൌ 	? ZKLFK LV EH\RQG WKH UHODWLYLVWLF LQWHQVLW\ WKUHVKROG
6HFRQGLWLVYHULILHGERWKE\QXPHULFDOVLPXODWLRQV>
@ DQG H[SHULPHQWV > @ WKDW WKHUH LV DQ RSWLPXP
SODVPDVFDOHOHQJWKUDQJH/IRUWKH&:(RUWKH520
KDUPRQLF JHQHUDWLRQ :KHQ WKH SODVPD GHQVLW\ LV
VWHSOLNH/aERWK WKH&:(DQGWKH520FRXOGQRW
EH HIILFLHQWO\ H[FLWHG 7KH 520 UHTXLUHV D ORZ
GHQVLW\ SODVPD DW WKH SODVPD VXUIDFH ZLWK	?Ǥ	?ȜH?H?H?H?H?൏ ܮ ൏ ȜH?H?H?H?H?2Q WKHRWKHUKDQG WKH&:(UHTXLUHVPXFKVWHHSHUSODVPDZLWK	? ൏ ܮ ൏ 	?Ǥ	?ȜH?H?H?H?H?,Q RUGHU WR FKDQJH / ZH LQWURGXFH D SUHSXOVH ZLWK
SXOVH GXUDWLRQ ):+0 RI  IV DQG LQWHQVLW\ RI	? ൈ 	?	?H?H? H?	? / FRXOG EH FRQWLQXRXVO\ WXQHG E\
YDU\LQJ WKH UHODWLYH GHOD\ EHWZHHQ WKH SUHSXOVH DQG
WKH GULYHQ SXOVH IURP  SV WR  SV 1R 520
KDUPRQLF LV REVHUYHG ZKLOH WKH &:( KDUPRQLF
LQWHQVLWLHV DUH IRXQG WR GHFUHDVH ZLWK LQFUHDVLQJ WKH
GHOD\XQWLOWKH\GLVDSSHDUDIWHUGHOD\RISV:H
XVH WKH K\GURG\QDPLF FRGH 08/7, WR HVWLPDWH / DW
GLIIHUHQWSUHSXOVHGHOD\7KHH[SHULPHQWDOGDWDRIWK
KDUPRQLFLQWHQVLWLHVGHSHQGHQFHRQ/DUHSUHVHQWHGLQ
)LJ D ' SDUWLFOHLQFHOO 3,& VLPXODWLRQV DUH
DOVRSHUIRUPHG WRREWDLQWKH++*VSHFWUDZLWK WKUHH
W\SLFDO/DVVKRZQLQ)LJEGZKHUHDSSRODUL]HG
ODVHU ILHOG ZLWK LQWHQVLW\ RI î :FP D LPSLQJHVDQRYHUGHQVHSODVPDZLWKPD[LPXPSODVPD
HOHFWURQGHQVLW\QFZLWKDQLQFLGHQFHDQJOHRI)URP WKH VLPXODWLRQ UHVXOWV LW FDQEH FOHDUO\ VHHQLQ
)LJEWKDW WKHKDUPRQLFJHQHUDWLRQLVQRWHIILFLHQW
IRU ܮ ൌ 	?Ǥ	?	?	?ɉH?H?H?H?H? 7KH KDUPRQLF LQWHQVLWLHV DUHHQKDQFHG GUDPDWLFDOO\ XS WR ܮ ൌ 	?Ǥ	?ɉH?H?H?H?H? LQ )LJF+RZHYHU LI WKHVFDOHOHQJWKLVIXUWKHU LQFUHDVHG
WR ܮ ൌ 	?Ǥ	?ɉH?H?H?H?H? QR KDUPRQLFV EXW RQO\ SODVPDHPLVVLRQ FRXOG EH VHHQ LQ )LJ G ,Q &:(
PHFKDQLVPWKHZDNHILHOGFDQQRWUDGLDWHHIILFLHQWO\LI
WKHSODVPDJUDGLHQW LVYHU\ VWHHS /a >@ 2Q
WKH RWKHU KDQG WKH %UXQHO HOHFWURQV ZKLFK H[FLWH
ZDNHILHOG LQVLGH WKH SODVPD FDQQRW EH JHQHUDWHG LI
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